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Theoretical Consideration: What is the origin
for large nonlinearity to cause the large
spectral width and the density fluctuations?

The density fluctuation requires compressibility,
Vey=()
which 1s served by the polarization drift of ions.
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Here v, 1s the ExB drift velocity. The nonlinear
polarization term 1s equivalent to the convection of
vorticity, SO we use equation of ion vorticity;
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The equation for ion vorticity

Take the curl of ion equation of motion:

%(Qﬂua.)+(£2+a)a.)V-vl =0

while the equation of continuity gives;

Vv, =—dilnn = —a’i(lnnO +€T_¢)
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The equation for potential vorticity now reads;
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The Model Equation
(The Hasegawa-Mima Equation)

Normalization:

ew t=t,x/p,=x,ep/T, =ep,where p, =\T,/m. /o,

The Medel Equation (Hasegawa-Mima Equation) is derived in
0(€2):

%(qub—qb)—[(ngxi)-V] =0.
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Conservation Laws and Inverse

Cascade
Total Energy:
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Total (potential) Enstrophy:

2
Py [(V¢)2+(V2¢) ]dV=O
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Because of existence of the two global conserved quantities, in
the presence of dissipation, the enstrophy selectively decays
and energy spectrum cascades to smaller wavenumbers
(Inverse cascades, Kraichnan, Phys. Fluids, vol. 10, 1417). In
a toroidal plasma, the inverse cascade will result in the
formation of pololoidal zonal flows (A Condensed State).




Conservation Laws and Inverse
Cascade

Boltzmann Statistics:

5([ flnfav-aw-aU)=0

giving,

f~exp(-AW-AU)

and

<Wk > = : : Possibility of anegativetemperature

A+ k27L2



Conservation Laws and Inverse
Cascade

Self-organized state in the presence of dissipation:

3(fU-aw)=0
giving,

V¢ +Arp=0: Eigenvalueequation for ¢



Inverse Cascades
-Weak Turbulence Regime

In Weak Turbulence Regime:
If w,, << w,,the wave quanta N, is conserved :

(kxz) Vin(n,/w,)
8(1+k2)

W, =

and N, =(1+K )|, | 1|k k7|, k2 =k

If we take; k! < k; <k, we have

N,—-N,=const., N+ N, =const., N, + N, = const.

=»Dual Cascade of Energy.



Inverse Cascades
-Weak Turbulence Regime

In a region of small wave numbers, the resonant three wave
interactions take place since

k;—k' =k, /o, -k, lo=0M
where k, is the wavenumber in the direction of zxVlInn,
w, (kry - qu) T, (kpy - kry) + @, (qu - kpy)
3w,0,0,
and the wave energy decays conserving the wave quanta,
N, =W, /lho,
And the turbulence spectra shift to lower frequencies and small k,

=>Appearance of microscopic zonal flows in the y (azumuthal)
directions. (Result of the Weak Turbulence Theory).

and M =




Inverse Cascades
-Weak Turbulence Regime

Expected Zonal Flow in the Weak Turbulence Regime
(Hasegawa et al, Phys. Fluids vol.22, p.2122 (1979))



First Observation of Formation of Zonal Flow in

a simulation of Strongly Turbulent Toroidal Plasma
(Hasegawa and Wakatani,Phys. Rev. Letters, vol. 59, p.1581 (1987))

Including ion viscosity, |, electron resistivity, V,;, and magnetic curvature,

VA ,the equation for the vorticity in a toroidal geometry with minor and
major radii, a and R becomes,

2 2
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a’ dt v, \R w..a’
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and the equation of continuity gives,

2
%lnn = (VlnnxVA)°i+ ice (%) Vﬁ(lnn—gb)
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The instability is driven by the magnetic curvature and pressure gradient.



First Observation of Formation of Zonal Flow in

a simulation of Strongly Turbulent Toroidal Plasma
(Hasegawa and Wakatani,Phys. Rev. Letters, vol. 59, p.1581 (1987))

Conservation Laws: In the inviscid limit, here again Energy and
Enstrophy are conserved:

1. Energy

1
W=5f

2. Enstrophy

2

(Inn)’ + gs (Vqu)z]dV

) 2
=%f[5; Vi¢—1nn] dv

=>|ndication of inverse cascade and formation of (macroscopic)
zonal flow: Magnetic curvature drives the instability but does not
contribute to the conservation laws



First Observation of Formation of Zonal Flow in

a simulation of Strongly Turbulent Toroidal Plasma
(Hasegawa and Wakatani, Phys. Rev. Letters, vol. 59, p.1581 (1987))

Simulation Results

Equipotential lines at initial (left) and final (right) time in the cross section of

a cylindrical plasma. Note the appearance of closed equipotential line (stream
function), ¢=0 at the final time.



First Observation of Formation of Zonal Flow in

a simulation of Strongly Turbulent Toroidal Plasma

(Hasegawa and Wakatani, Phys. Rev. Letters, vol. 59, p.1581
(1987))

Potential Profile

The solid line is the theoretical estimate



Zonal Flows observed in Kinetic Codes
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Hahm et al.Plasma Phy. Cotr.Fusion Xiao et al. Phys. Plasmas 17, pp.
42, A205 (2000) 022302 (2010)



Intermediate Conclusions

General Properties of Electrostatic Turbulence in a Magnetized
Cylindrical Plasma.

Independent of excitation mechanism or nature of instability, zonal
flows in the azimuthal direction are formed through turbulent
spectrum cascades.

In weak to quasi-weak turbulence regime, zonal flows have
microscopic structures with radial size that scales like ion gyro-
radius.

In strong turbulence regime (fully developed turbulence), the zonal
flow has a macroscopic structure with radial size a fraction of
plasma radius.

Radial diffusions of electrons and ions are predominantly
determined by the nature of the zonal flow (subject of the second
part of the lecture)



Zonal Flow Influence on Particle Transport

Zonal flows are expected to inhibit convective motion of
eddies across the flow, see the Jovian atmosphere:




Zonal Flow Influence on Particle Transport

2. Effect of zonal flows on Stream Function:
Stream function with (left) and without (right) zonal flows.
Lin et al, Science 281, 1835 (1998).




Zonal Flow Influence on

Particle Transport

Since electrons are expected to follow the Boltzmann distribution,
electron transports are tied to the stream function (equipotential
lines),and zonal flows that distort and inhibit the motion of stream

function across them have direct in

fluence on the electron transport.

See the figure below, Xiao et al, Phys.Plasmas 17, 022302 (2010) of

the calculation of the electron heat transport.
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FIG. 2. (Color online) The time history of heat transport for a/ p,=250. The
solid line has the zonal flow self-consistently generated, while the dotted

line has the zonal flow artificially removed.
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