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Fig.2 Basic model equations for plasma theory.



Difficulties in Fusion Plasma
Theory and Simulation

! A variety of phenomena in vast ranges of spatio-temporal scales
—! electron gyromotion (10-°m, 10-1sec)
—! reactor size (>1m) energy confinement (1sec)

| Large deviation from Maxwellian distribution,

collisionless (weakly collisional) plasma in nonthermal equilibrium
—! Particle mean free path > 10°m
—! Conventional fluid models are invalid.

—!I Kinetic theory to treat phase-space distribution functions is required.

! Turbulence driven by various plasma instabilities
—!I Strong nonlinearity

—! Different spatio-temporal scales are nonlinearly coupled.



Theory of Magnetically Confined Fusion Plasmas

Plasma (ions + electrons + electromagnetic fields)

Complex system

collective motions, linear instabilities,
nonequilibrium, nonlinearity, turbulence

a variety of phenomena in vast ranges of spatio-temporal scales

macro

fluid MHD : macroscopic equilibrium, stability

Two-fluid (Braginskii) model: drift waves, classical transport

Drift kinetic model: guiding-center motion, neoclassical transport

micro Gyrokinetic model : microinstability, microturbulence,
kinetic anomalous transport




Anomalous Transport caused
by Plasma Turbulence

! Particle and heat transport observed in experiments are
much larger than predictions by collisional transport

theory.

Microinstablities such as lon
5 Temperature Gradient (ITG) modes
L drive plasma turbulence and result in

anomalous transport.

-‘ Plasma turbulence simulation based
on gyrokinetic model is a powerful
tool for qualitative and quantitative
analyses of anomalous transport
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Fig. 1 Energy balance inthe steady state of plasmaturbulence.
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Gyrokinetic simulation of
turbulent transport in JT-60U
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Zonal Flows observed
in Nature, Experiments,
and Simulations.

Jupiter

—

Gyrokinetic ITG Turbulence
Simulation (Watanabe, GKV code)
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Zonal flows generated by
resistive drift-interchange
turbulence in a cylindrical
plasma

Hasegawa & Wakatani, PRL (1987)
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Hillesheim et al., PRL 2016

Stationary zonal flow profile in JET
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FIG. 2. E, profile measured with three consecutive 200 ms
sweeps during a steady-state Ohmic time period.



MHD turbulence in the solar wind

v . ; Spectra of electric and magnetic
N Alfven fluctuations measured by

5 ' T~ T waves " spacecraft at 1AU from the Sun
= k _5/25)\ Ty lf);fs For k "
g \\ . KAW orxi=d
o LS N Electric ~ Magnetic ~ k -5/3
? s \,\\ agreement with
ﬂg) — Magnetic 5 : Goldreich-Sridhar theory
o PN
A 9" ey For k" > 1,

=y . Electric ~ k "1/3

0.001 0010 0100  1.000  10.000 Magnetic ~ K ~//3
K"

Bale et al. PRL(2005)
See also Schekochihin et al. PPCF(2007)

Kinetic Alfven Waves (KAW)?



Gyrokinetic simulation of magnetized turbulence in
astrophysical plasmas [Howes et al. PRL(2008)]

10 g ]
L _ For k. # <1
Electric ~ Magnetic ~ k.#5l3
10~ E
i ] For k. # >1
1072 =
i Electric~ k'3
107 ¢ 31 Magnetic~ K7"'°
10- |

(N,, Ny, N, Ng, Ng, N,) = (64,64, 128, 8, 64, 2)
0.5 X 10° computational mesh points Similar to mesurements
hypercollisionality for &k, p; = 8 of solar wind turbulence



Gyrokinetic Model



Gyrokinetic Model

Kinetic equation (Boltzmann, Vlasov)

n & n
"—F+vat1$F+£(E+£v0/chc "F =C(F)
4 m C V
F(X, v, 1) : particle distribution function on the
6-dimensional phase space (x,v) B L Y

1l

In magnetized plasma, fast Gyrocenter
gyromotion of particles around

magnetic field lines is averaged. &r
@ Particle':

F(X, v, 4, 1) - gyrocenter distribution function on the
5-dimensional phase space (x, v, )

U . magnetic moment (adiabatic invariant)



Adiabatic invariant

Hamiltonian H(q, p, I(t))

H=Et) | "
<<1 > =1
| = 1(t) .
T~ period of @
P pendulum motion
Adiabatic change in the length H = E('[ )
of a pendulum (Arnold 1978) \f
t=t,
Adiabatic invariant A, 4
A 1
| = = S @#pdd
Liouville’s theorem A=A,

The area enclosed by the loop is conserved.
(The energy is not conserved generally. )



Magnetic moment of a charged particle in a magnetic field

: e
Canonical momentum p=mV+EA B~ = »

Adiabatic change 1'B <<# $B <<i
B "t ' B 95 | Gyrocenter

Adiabatic invariant
1
I=—®p-d
2ng5p 9 &

=% pmv- dr +§gﬁA-dr) Particle
1 e ) +  HA"dr = H($ %A)"dS
=5 va-2ﬂp—;B-nP) B _gB" (2
mpopv, mvi mc
T2 T gyroracilliusv#
Magnetic moment $
_mv? gyrofrequency
H=28 . _eB
mcC




Foundation of Gyrokinetic Theory

1] 1) 1) 0 I
Gyrokinetic ordering r.e# B .k % _ <<]1
f T B ki & L

Recursive formulation E Rutherford & Frieman PoF (1968), Taylor & Hastie PP(1968)
Antonsen & Lane PoF(1980), Catto et al. PP(1981), Frieman & Chen PoF(1982)

Perturbative expansion in "/L, Ballooning representation
Equation for # or h

Lagrangian/Hamiltonian formulation ! Littlejohn, Cary, Dubin, Hahm, Brizard, Qin
Lie transformation of phase-space coordinates
Equation for F=F,+#
Exact conservation of 1 and phase space volume

Lagrangian for electromagnetic fields ! Sugama PoP(2000), Brizard PoP(2000)
Equations for electromagnetic fields § A
Exact conservation of the total (kinetic + field) energy (Noether’s theorem)

Review by Brizard & Hahm, RMP(2007)



Fig. 1
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Region of validity of gyrokinetic theory compared with that
of MHD in terms of the time scale t and the spatial scale
|. Here, L represents the equilibrium scale length, o Ti(© Te)
Is the ion (electron) thermal gyroradius, 4p is the Debye
length, @ is the plasma frequency, £2i(£2¢)is the ion (elec-
tron) gyrofrequency, vt (vre) is the ion (electron) thermal
velocity, va is the Alfvén velocity, and ¢is the light speed.
Thick curves represent the boundary of region of validity.



Gyrocenter Lagrangian,
Hamiltonian, and

Gyrocenter motion equations



Lie Transformation

Phase-space coordinates : z=(Z)

Hamiltonian mechanics :

Motion equations are derived from variational principle " $#: 0
Differential 1-form : " =Ldt=p#dgq$H(q,p)dt=",(z)dZ $H(2)dt
determines Lagrangian L, Hamiltonian H, and Poisson brackets {f, g}
Lie transformation: T=! TT,T, T =Exp("L,)
Mapping on the phase space

% : Expansion parameter Ln . Differential operator

Transformation of coordinates: z" Z=T z

Transformation of 1-form: "# $=(T%) "+dS

Construct T such that & ( or Lagrangian / Hamiltonian ) takes a simpler
or desired form.



Single-particle phase-space coordinates

Position and velocity : (X, V)
2

- . " —_ mVO#
Zeroth-order guiding-center coordinates : 7= (X, Vo Ho» O), Uy = OB
0
H, is not conserved exactly in inhomogeneous fields.
Guiding-center (GC) transformation : T¢¢ =1 T>CTS¢T°¢ Littlejohn, PoF(1981)

T, =Exp("Ly°), " # $/L (drift ordering parameter)

Guiding-center (GC) coordinates: Z =T_.z= (X, U, L, ")
H is conserved in equilibrium fields.
H is not conserved in perturbed fields.

Gyrocenter (GY) transformation : T =1 T Brizard & Hahm,

TS =Exp(™ L%Y), "#e$/(m?/2) RMP(2007)

Gyrocenter (GY) coordinates: Z =T;,Z = (Y, U,m, )

H is conserved in perturbed fields.



Perturbation Expansion of Single-Particle Lagrangian

Electromagnetic fields

E ="E,(X,1) B =B,(X) + "B,(X,t)
" #1 . ; Il ordering parameter
=#"($ 9%x,1) + C"€A, (x,1)) =$ ' [A,(X)+ "A,(x,1)] for perturbation

Single-particle canonical momentum

n e n e [1] e
P mV+E(Ao+#A1) mVo"’EAo where mvj mV+#EA1

Single-particle Lagrangian

L=L,+"L, +"L,=p#$H Hamiltonian H =H,+ "H, + "*H,
TP £ e o1
0 th order Lo " p#ISH, " mv, +—Ao£#X‘$—m Vo
& c ) 2
1 st order L, " #H, " #e$ " #ez -0,

2 nd order L," #H, #2 Z\Al\



Gyrocener Coordinates

Gyrocenter coordinates Z =Tg,Z = (7, U,mx, F)

Gyrocenter Lagrangian

L(X,U, % ;U t) = —A (X,U _)#33+ - ,Llﬂ$ H(X,U,T,t) |:> independent of

1

gyrophase
where A" A+ me aw s
e e’ Conservation of
Gyrocenter Hamiltonian magnetic moment [/
AU, B Y =m0 + 1By(X) +e(” (Z.0),
A > % ([ S(Z.1)," (Z,t
o <\ c({s@n. @),
Electromagnetic fluctuation " = #$ Yo %A\,
Gyrophase average <" >;E $&p 07 Gyrophase-dependent part '~ #" $<" >%

Generating function for gyrocenter transformation S = "E 07(# d$



Poisson Brackets

Nonvanishing Poisson brackets between gyrocenter coordinates

where

(XX}

C _ B
:—*b" I X’U :—*

ef { } mE,
B "#$A" B " b8’



Gyrocenter Motion Equations

$L(Z a 1) o d SLEZ P

Euler-Lagrange equations - Z 57 dt 3 =0

are rewritten as Hamiltonian equations % :{Z H(Zt)}

Gyrocenter motion equations
£=i*j$_+3"#(z’t)'8*+c*$ﬂ+B + +# (Z,t)lll d_ﬂzo
dt B9% m "U % B 0 2c dt
dd? =" ;l H1$ B, +e$%(Z,1)] % =# +W $d dYt + ::C %&(g’t)

Potential for electromagnetic fluctuations

*

@ =), s (X0 & <{ SE0.AZ}),,

22c




Gyrokinetic Field Theory



Variational Principle and Noether’s Theorem

t
Field variables " »(X,,t) Action | = "Ldt

b
Part of Lagrangian associated with "+  and O

L. (% 4)= $d" x. L.[£ (X. 1), & (X. 1), %% (x.,1), ]

Variational — Euler-Lagrange "1 _ &L, , &(&L$ "" /( &, +
principle 1 =0 equations 7 % v ek e A =0
Infinitesimal

transformations t" =+ 8, Xos " X% = Xop ¥ $X%’ &%(X%’t) i ‘%(XT%' t# = &%(X%’t) + $&%(X%'t)

. S
Variation of action "l =1# :$&1t,d—G &d"#x,,’ %(J%/
t %
Noether’s Invariance Conservationof G €= “& $dl#x % q;(l‘
theorem "I=0 = dG/dt=0 ) L
+& I#X#+"X#/O#‘V, ,# %
3 _ %:

Lagrangian with _ &L.
nogexpl?cit time "1/"t=0 = Conservationof E, =%#d" x. & 25 L=cons
dependence total energy g '




Gyrokinetic Vlasov-Poisson-Ampere System [Sugama PoP(2000)]

Lagrangian for Gyrokinetic Vlasov-Poisson-Ampere System
L=#e "dZ,D,(Z,)F.(Zyt,) La[Za(Zo,to;t),f‘a(Zo,to;t),t]

1 nm 43 + 2, 2 2 * .
+£ d®X-|%&(x, 1) 26 [A4(x) + A (x,1)] e ) (x,£)% Al(x,t)p
F.(Z o to) Initial distribution function
D.(Z,) Jacobian

L, za(Zo’to;t)1?a(201to;t)st Single-particle Lagrangian

Governing equations for gyrokinetic Vlasov-Poisson-Ampere system are

o
derived from variational principle | ="#f dt=0
b

"1/"#=0 —> " #A,=0 (Coulomb gauge)




Gyrokinetic Vlasov-Poisson-Ampere Equations

Gyrokinetic Vlasov Equation: “1/"Z,=0

T
%+{Z,Ha(z,t)}#%zFa(Z,t)—0

Gyrokinetic Poisson’s Equation: "|/"#=0

A1) =$4% e, &dZ D,(Z)((X+ T 0(2) $X)[F.(Z.) +{S4(Z,1), F.(Z,1)}]

a

Gyrokinetic Ampere’s Law: "I/"A, =0

IO =H D () # ()

. c
Equilibrium current density  j, =" E$ ’A
. 1 ) (X&)
Transverse part of total current density  j;(X,t)" —$ %i$ %' d3x ( &).
A#  x X ( x&
Total current density

jx.t)y=# e, "d°Z D,(Z) X + %,(Z) &X)

a

: 1
' O(cVaO (Z) & ea ’A‘l(X + U/QO (Z)it)j-':a (z’ t) + VaO (Z){ Sal(zi t)! Fa (z’ t)} 3
/) m,C : 2




Energy Conservation

Total Lagrangian L does not depend on t explicitly.

U

Noether’s theorem ensures conservation of energy E ' of the
whole system

%..(Z, f‘t)
oF

a

ES = # "4°Z D, (Z,)F. (Zo 1) 2.

—# "d°Z D, (Z)F,(Z,t)H, (Z,t) &L,

—# "d°Z D,(Z)F,(Z, t)ﬁ m £Va0(z)&ma AL(X+70(2), t)

a

e2

( n 1 o~ 4
. (X)f{ 25,2} & 5{" m)dé’,(voml)}:g

1w 2 i
= x(\s 20x,1)|" +[8 9[Aq(x,) + A, (x,1)] )




Extended gyrokinetic field
theory for time-dependent

maghnetic confinement fields



Gyrokinetic Vlasov-Poisson-Ampere System for Collisionless Toroidal Plasma
[Sugama, Watanabe & Nunami, Phys. Plasmas 21, 012515 (2014)]

Lagrangian L =" ! dBZODa(ZO’tO)Fa(ZO’tO)La?a(ZO’to;t)'Za(zmto;t);{!’AO’Al}%)

a

e V1) () [+ Ae]) + 21 0 A0

+4_|dx 1(xt) Bo(x,t)( I" ]+—’(Xt) *A (Xt);)
F.(Z,t,) Initial distribution function B," # $A,
D, " B,,/m, " b#B,/m Jacobian B,"#$A]
La..za(zo,to;t),za(zo,to;t),t§ Single-gyrocenter Lagrangian Al AO+%Ub
e

a

Governing equations for gyrokinetic Vlasov-Poisson-Ampere system are derived from
variational principle 7/ /=/1Ldt=0

(", #, K) Lagrange undetermined multipliers

1" =1]]1#=0 —> "# A, ="#A,=0 (Coulomb gauge )

Il /1K =0 —> By=I1/7+17"1"




IL(Z,2, 1), d/LZ Z,t) _

1]]1Z= Euler-L ti — " —
1'111Z=0 —> uler-Lagrange equations 17 o /Z
: : dZz _ el/A*
——>  Gyrocenter motion equations o ={Z,H(Z,t)} +{Z, X} = m
C| !
dX el (Z)% 7 % b A du
— = U+-= B +c B,+)! (£, ) [+—(F— — =
dt Bmw m U g )BT )&!_L al( It a
o TA” d/ e "™ (Z,t
dU :| B *Ilgl#80+%t$ (Z,t)+§ii I + f )
dt  mB, cl/t) dt mc "u
. o \ %
Liouville’s theorem !D(Z’t ﬁ (Z t)d_Z D! B/m! b"B /m
It /Z :
Jacobian

Potential for electromagnetic

fluctuations L (X, )=/ (X+1,1)), + >

:Ez (Irx+10f) " %<{$(x 1,0, (x+1,0})

Gyrocenter distribution 6 6
D(Z,)F(Z,1)= | d°Z,D(Z0te)F(Zosty)! *[Z" Z(Zo,ti1)]
function at time t

Gyrokinetic Vlasov equation : +— S ?:(Z t)=0
1t dt !/ Z&



Gyrokinetic Poisson and Ampere Equations

I [1"=0 — Gyrokinetic Poisson’s Equation :

ds 0
| 21 (x,t)="4" $e #HA°Z D,(Z)HX + $,(Z)" X)(F (Z,1)+ &7 /E)
B, %1*
'l ''/A,=0 > Gyrokinetic Ampere’s Law : ! 2(A1+Ao):" ﬂ(jG)T
C

Transverse part of total current density

(e (60! #3 4 00’

x&x$
Gyrokinetic current density

. +$ el Il *F
jcxt)=" e1d°ZD,(2)! (X+"a(Z)#X) & ,o(Z)#— A, (X +,(2), t)%F(Z 1)+ Ea r ao(Z)?

a y 0 0




Variations with respect to Equilibrium Field Variables

1
_ [ — dO‘ Z-average
-’ 2#($ 7

(N @/d#@/w\/@ flux surface
S0~84%\/g average

=0 —> (t " #) ==

Hin=0  — (1")=0

@! ["TH" " $" A =Rq/l Jacobian of
flux coordinates

HHA=0 => 1 2(A +A))+! "#$l! ! +4_(j(9°)+! "M)=0
C C
Transverse Q Al
part ! 2(A0+A1)+! " #+—'((j(gc))T+! "M)=0
C
Q T:| 1" —M_," (B(gc))l _I_E
. C . . . .
Magnetic field B(%)is defined py " B(gc):—.(j(gC))T

i (gc) :  (gc)
(] )T : transverse part of |



Equations for Equilibrium

Magnetic Field B, =I!/+I/7"1"

171" R ﬂR%Z#!):f—
C

d/ #4! — —
| = M. +(B*)). " B,
| g M- +(BY)." B,

Gyrocenter current

* —_—
[(j), +# &M ] %6# &Bl,+$R2# #+ -

&
( 1

! do =
2#@ 9 z-avera

j =1 en®u® =1 e "du"du"d/ D,Fv®

a

Magnetization

a a a
a

2

A

ge

%
M=l ¢c"du "d,u"d,uDaFa'&gf,Ub"‘m—;(V(gc)k#ea<DB! N <DB(‘A1‘2)>

a

2m.c’



Lowest order equilibrium field equation in gyroradius expansion

Neglect turbulent fluctuations ", A,
Mawellian distribution function FE . with density . and temerature T .
a a a

being flux surface functions

1, . .
Then " JaO#BO:$paO’ JaO%&:O

" #$ RO&R 29 = R(4( 1)) .(j.). * %* B,J&%6++K,, B,,/, #
is reduced to Grad-Shafranov equation

VHS RUER ) =" By ) By ) 4% R)p,e)#



Conservation of Energy and Toroidal Momentum

Total Lagrangian L does notdependon t and z explicitly.
Noether’s theorem ensures conservation of energy Eg'°t and
toroidal angular momentum P.,'°t of the whole system

S— e - f 0 7 :
ESt = " dBZODa(ZO)Fa(ZO,tO)f'a&%A'a(izf’?a’t)

&L=# "d°ZD,(2)F,(Z HH,(Z ) &L,
2

m,C

_ +4
il "2 2] e " ()63 ) s

+§ " dSXﬂB 2(X,t)‘ +‘8 9 [AO(X,t) +A1(X,t)”2é

—# "dZD (Z)F (Z t)ﬁ m,* (Vao(z)& 2 Al(X+ ao(z) t)

- _ "L (Z 2" 1
P"tOt :$ #dGZODa(ZO)Fa(ZO’tO) Rz%"& a(’Z? ) )

=$ #d°ZD,(2)F, (Z,t)RZ%"z%maU b(X,t) + %A SR

a



Effects of Collisions



Collision operator in gyrocenter coordinates

" / / (y
Gyrokinetic Boltzmann equation ' +d—Z | ?:(Z,t) =C?
It dt /1Z&

Collision operator C9 in gyrocenter coodinates is given from collision operator CP

in particle coordinates using gyrocenter coordinate transform T .

T, F)

Ca(Fa R)=T."CL(T.F

a a’

Transform from particle coodinates z to gyrocenter coodinates Z
Z=T(z)=z+!z

The particle distribution function f(z) is given by pull back T*

of the gyrocenter distribution function F(Z) .

f(2)=F(2)=F(T(2)=(T F)(2)=F(z+! 2)

a1 i . $F(2) _ F(z) 1 $°F(2)
—H g1 12 2@ oy g0 Z1z12:2 78
Aoz 2 TR 2R ozl e

n=0 """ iy iy



I g )
(D F) ﬁDg le — DgCg
It ’Z dt &

Gyrokinetic Boltzmann equation

Jacobian D¢ for gyrocenter coordinates

Dp  for particle coordinates

DCS (F., F)—*#( D'y % g %"D"C) (f,, fb)gst

n! il i $z1 $z° -
& $ 1 ¢ (
=*DPCJ (f,, f,)+—.,(%@DPC} )+= (%@ DPCL)+! +
DICHTL )+ g (DCE) p o (DcE)
Collisional change in gyrocenter density is given
1] #
by integrating D9C9 in gyrocenter velocity | du ldul d/D9C?= &ﬂ%c
coordinates (U, u, ")
( 1) 3 ! i1| ! in p*
:58@3\/' Xij&:x +! | x " #1/

gives classical particle flux due to collisions and finite gyroradius



Infinitesimal transformations of variables

{ = t+ dtg(x,1) X' = X+ 0Xg(X,1)

4 Y., =dpx,0)+dp(x,1)  ANX,T)=A(x,0) + oA (x,1) N

7 (Zo,to;1) = Zo(Zo, to: 1) + 6Z4(Zo, to; 1)

Variation of the action integral from the solution of Euler-Lagrange equations
(that is valid for collisionless system) given by

0L = —[drja"‘x [%(SGO(X, )+ V-0G(X,1)

where

(5G()(X, f) =&, (51‘5 — P, - (3XE

(SG(X, T) = QC 5TE — HC . (SXE + S(/) (5(/) — ZAI . (5A1 —ZA() g (SA() + S/(SZ + oT

1
Canonical energy density £ =>» [dU[ du[ D F.H,+5- (=|V¢[* + By + By [?)

a ¢t

Canonical momentum density ~ Pc =) [dU[ du[ déDyF, <m(, Ub + %A())

a -



Variation of the action integral for collisional case
[Sugama, Watanabe & Nunami, Phys. Plasmas 22, 082306 (2015)]

Variation of the action integral for collisionless system

Ot # (
=1 "at" a3 TG (X ) +—F G(X, t)s
o o(X,1) m ( ))

For collisional system

/ /
- - " g
EF(Z’t) ! EF(Z’t) C
| |
I'—t!GO(X,t) ¥ l'—t!GO(X,t)#! K, (X, 1)
' %t # (
I=1"dt " dIX TG (K ) +—F G(X, 1) TK (X, t)x
g Co D+ H GG TK( ))
where TK =K St Ko "X,
Collisional change in K=" ldulduld/D,CH,

canonical energy density a

1 0
Collisional change in K o :( | du I dul d! DaCaggTLUb"'%Ao';
a C

canonical momentum density



Collisional effects on conservation laws

Suppose that, under the variable transformation, the action integral is invariant:

1] = "dt"d3x£t/c; (X, t)+—$/G(x t)! 'KO(X,t);:O

for an arbitrary spatiotemporal integral domain [t,, t,] x [s4, S,] where [s,, S,]
represents the spatial volume region sandwiched between two flux surfaces.

Conservation law modified by collisions
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Take into account that flux surfaces move with the velocity u, = 8X(s,00, 1)
”
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Surface-averaged transport equation including collisional effects
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Energy conservation

Time translational symmetry leads to <_

canonical energy conservation law
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Collisional change in canonical
energy density
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Energy density and energy flux variables are modified by

E.=E+ V- (—i(bV(and)R)
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Energy balance equation defined on each flux surface
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Energy density is given by
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Toroidal angular momentum conservation

Toroidal symmetry leads to canonical angular momentum conservation law

L(P."e, 11, " " - , e, /
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Collisional change in canonical momentum density

Canonical angular ) e,
momentum density Pooeg=) [dU[dM[dC D.F, <man: +?AOC>
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Toroidal momentum balance equation
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Approximate collision operator which keeps
conservation laws

The conservative form of the approximate collision operator in the phase space
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(! x?, 1y, | /J) are chosen such that conservation laws of energy and
toroidal momentum are kept by the collision term.
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Classical transport of energy and toroidal momentum
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Separation into Equilibrium
and Turbulent Parts



Gyrokinetic Equation with Collision Term
(Boltzmann Equation)

dF dF _"F
Boltzmann eq. E:C(F) E= — +{F,H}
=, #—F + E +=-Vv$ B£#—
stationary part & fluctuation part T ﬁ& E
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Stationary part of Boltzmann equation
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—> Drift-kinetic eq. = Neoclassical transport is derived from F,

Gyrokinetic eq. for fluctuation part of distribution function
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WKB representation of turbulent fluctuations

Dividing variables into ensemble average and fluctuation parts

vector potential - A(x, 1) =|(A(x, 1)), | HA(X,1) A

Ag = <A>en5’ A=A
electrostatic potential ¢(X, l) — <d>(X, I)>ens + (b(x, t)
gyrocenter distribution function F,=(F a>ens + ﬁ a
ensemble-average part F — F F
= Maxwellian + non-Maxwellian (Fa)ens M + (Fat Jens
fluctuation part . ea<l:ba> ..
= adiabatic + non-adiabatic Fo=—Fuu —T >+ hq
a
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WKB representation | ¢y 4y — Z Oy, (X, t)exp Sk, (x,1)]

of fluctuation part
K,

Wavenumber vector perpendiculartoB,: k| = VSk (~1/p)



Fluctuation part of gyrokinetic equations
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Ensemble-averaged particle transport equation

Expand <! <n(!gt)>en >+\illso& <<( (@) 4 g)#$s>>§=0 ind=r/L
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Ensemble-averaged energy transport equation

Expansionin #=r/L

energy density
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Ensemble-averaged momentum transport equation

Expansionind=r/L [ momemtum density |
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Summary

" I Gyrokinetic theory and simulation are powerful methods
to investigate microinstabilities, turbulent transport, and
zonal flows in low-collisional magnetized fusion &
astrophysical plasmas with accurately including kinetic
effects such as Landau damping, finite gyroradii, and
partcle orbits in complex magnetic configurations.

" I Gyrokinetic field theory has been developed to describe
long-time magnetized plasma behaviors with consistent
conservation laws for particles, energy, and momentum
including collisional (classical & neoclassical) and
turbulent transport processes.



