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Difficulties in Fusion Plasma  
Theory and Simulation 

•! A variety of phenomena in vast ranges of spatio-temporal scales 
–! electron gyromotion (10-5m, 10-11sec) 

–! reactor size (>1m)  energy confinement (1sec) 

•! Large deviation from Maxwellian distribution, 

    collisionless (weakly collisional) plasma in nonthermal equilibrium  
–! Particle mean free path > 102m 

–! Conventional fluid models are invalid.  

–! Kinetic theory to treat phase-space distribution functions is required.  

•! Turbulence driven by various plasma instabilities 
–! Strong nonlinearity  

–! Different spatio-temporal scales are nonlinearly coupled.  



Theory of Magnetically Confined Fusion Plasmas 

collective motions,       linear instabilities,   
nonequilibrium,     nonlinearity,      turbulence 

Plasma (ions  + electrons + electromagnetic fields) 

Complex system 

a variety of phenomena in vast ranges of spatio-temporal scales 

MHD :       macroscopic equilibrium,  stability macro 
fluid 

micro 
kinetic 

Two-fluid (Braginskii) model:  drift waves,  classical transport 

Drift kinetic model: guiding-center motion, neoclassical transport 

Gyrokinetic model :     microinstability,     microturbulence, 
                                        anomalous transport 



Anomalous Transport caused 
by Plasma Turbulence 

Microinstablities such as Ion 
Temperature Gradient (ITG) modes 
drive plasma turbulence and result in 
anomalous transport. 

Plasma turbulence simulation based 
on gyrokinetic model is a powerful 
tool for qualitative and quantitative 
analyses of anomalous transport 

•! Particle and heat transport observed in experiments are 
much larger than predictions by collisional transport 
theory.  



χ  =
(Thermal flux per unit area) 

(Density)・(Temperature gradient)  
Thermal diffusivity 



Gyrokinetic simulation of 
turbulent transport in JT-60U �
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Jupiter 

Gyrokinetic ITG Turbulence 
Simulation  (Watanabe, GKV code) 

Zonal Flows observed  
in Nature, Experiments,  
and Simulations. 

Potential contours 

Zonal flows generated by 
resistive drift-interchange 
turbulence in a cylindrical 
plasma 

Hasegawa & Wakatani, PRL (1987) 
Sugama, Wakatani & Hasegawa, PoF (1988)  

CHS Plasma in NIFS 
Fujisawa et al.,  PRL (2004) 



Hillesheim et al., PRL 2016 �

Stationary zonal flow profile in JET�



MHD turbulence in the solar wind 

Alfven 
waves

KAW          

Electric
Magnetic

k ρi
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Bale et al. PRL(2005) 
See also   Schekochihin et al. PPCF(2007) 

Spectra of electric and magnetic 
fluctuations measured by 
spacecraft at 1AU from the Sun 

For  k ρi  < 1, 

 Electric ~ Magnetic ~  k -5/3

  agreement with  
  Goldreich-Sridhar theory 

For  k ρi  > 1,

     Electric ~  k -1/3

     Magnetic ~  k -7/3

Kinetic Alfven Waves (KAW)? 



Gyrokinetic simulation of magnetized turbulence in 
astrophysical plasmas [Howes et al . PRL(2008)] 

For 

 Electric ~ Magnetic ~

For 

     Electric ~ 

     Magnetic ~

!  

k" #i <1

!  

k" #i >1

!  

k"
#7/ 3

!  

k"
#5/ 3

!  

k"
#1/ 3

Similar to mesurements  
of solar wind turbulence  



Gyrokinetic Model 



Gyrokinetic Model 

!  
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Kinetic equation (Boltzmann, Vlasov) 

F(x, v, t) : particle distribution function on the  
                6-dimensional phase space (x, v)

In magnetized plasma, fast 
gyromotion of particles around 
magnetic field lines is averaged.   

F(x, v||, µ, t) : gyrocenter distribution function on the  
                      5-dimensional phase space (x, v||, µ)

µ : magnetic moment (adiabatic invariant) 



Adiabatic invariant 

Adiabatic change in the length  
of a pendulum (Arnold 1978) 

l = l(t)

Hamiltonian   H(q, p, l(t))

!  

T
l

d l
d t

<<1

p

Liouville’s theorem    A1 = A2

q

H = E(t2) 

t = t2

A2

The area enclosed by the loop is conserved. 
(The energy is not conserved generally. ) 

q

p
H = E(t1) 

t = t1A1

Adiabatic invariant 

!  

I =
A

2"
=

1
2"

pdq#

T ~ period of  
        pendulum motion  



Magnetic moment of a charged particle in a magnetic field 

Adiabatic invariant 
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Review by Brizard & Hahm, RMP(2007) 

Foundation of Gyrokinetic Theory 

Gyrokinetic ordering 

Recursive formulation    É Rutherford & Frieman PoF (1968), Taylor & Hastie PP(1968) 
                         Antonsen & Lane PoF(1980),  Catto et al. PP(1981), Frieman & Chen PoF(1982) 
     Perturbative expansion in  ρ/L,             Ballooning representation 
     Equation  for    δf   or   h

Lagrangian/Hamiltonian formulation   !  Littlejohn, Cary, Dubin, Hahm, Brizard, Qin 
     Lie transformation of  phase-space coordinates 
     Equation  for    F = F0 + δf
      Exact conservation of  µ  and phase space volume 

Lagrangian for electromagnetic fields   !  Sugama PoP(2000), Brizard PoP(2000) 
   Equations for electromagnetic fields    φ, A
   Exact conservation of the total (kinetic + field) energy (Noether’s theorem) 

!  
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Gyrocenter Lagrangian, 

Hamiltonian, and 

Gyrocenter motion equations 



Lie Transformation 

Phase-space coordinates : 

Hamiltonian mechanics : 

Differential 1-form : 

!  

z = (zi )

!  

" # = 0$Motion equations are derived from variational principle 

Lie transformation : 

Mapping on the phase space 

λ : Expansion parameter 

  

!  

T =! T3T2T1

Transformation of coordinates : 
!  

Tn = Exp(" n Ln)

Construct  T  such that  Γ  ( or Lagrangian / Hamiltonian ) takes a simpler  
or desired form. 

!  

z " Z = T*z

!  

" = L dt = p#dq $ H(q,p)dt = " i (z)dzi $ H(z)dt

determines Lagrangian  L,   Hamiltonian  H,  and  Poisson brackets  { f, g}

Ln : Differential operator 

Transformation of 1-form : 

!  

" # $ = (T%1)* " + dS



Single-particle phase-space coordinates 

Position and velocity : 

!  

x, v( )
Zeroth-order guiding-center coordinates : 

  

!  

TGC =! T3
GCT2

GCT1
GCGuiding-center (GC) transformation : 

!  

z = x, v0||,µ0," 0( ), µ0 =
mv0#

2

2B0

!  

µ0 is not conserved exactly in inhomogeneous fields. 

!  

Tn
GC = Exp(" Ln

GC), " # $ /L (drift ordering parameter) 

Guiding-center (GC) coordinates : 

!  

Z = TGC
* z = X,U,µ,"( )

!  

µ is conserved in equilibrium fields. 

!  

µ is not conserved in perturbed fields. 

  

!  

TGY =! T3
GYT2

GYT1
GYGyrocenter (GY) transformation : 

!  

Tn
GY = Exp(" n Ln

GY), " # e$ /(mv2 /2)

Gyrocenter (GY) coordinates : 

!  

Z = TGY
* Z = X ,U ,µ ,"  ( )

!  

µ is conserved in perturbed fields. 

Littlejohn, PoF(1981) 

Brizard & Hahm,  
RMP(2007) 



Perturbation Expansion of Single-Particle Lagrangian 

Electromagnetic fields 

Single-particle canonical momentum 

Single-particle Lagrangian 

!  

E ="E1(x,t) B = B0(x) +"B1(x,t)

= #" $ %(x,t) + c#1&tA1(x,t)( ) = $ ' [A 0(x) +"A1(x,t)]

!  
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e
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e
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A 0

!  

L = L0 +"L1 +" 2L2 = p#ú x $ H

! !:   ordering parameter  
      for perturbation 
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e
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2 nd order 

Hamiltonian 

!  

H = H0 +"H1 +" 2H2



Gyrocener Coordinates 

Gyrocenter coordinates 

where 

!  

Z = TGY
* Z = X ,U , µ ,"  ( )

= Z +# ÷ S 1,Z{ } + O(#2)

!  

A * " A 0 +
mc
e

U b #
mc2

e2 µ W

Gyrocenter Lagrangian 

!  

L(X ,U , µ , ú X , ú "  , t) =
e
c

A * (X ,U , µ )#ú X +
mc
e

µ ú "  $ H (X ,U , µ , t) independent of   
gyrophase 

!  
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1
2

mU 2 + µ B0(X ) + e " (Z ,t)
# 

+
e2

2mc2 A1(X + $ ,t)
2

# 
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e
2

÷ S 1(Z ,t)," (Z ,t){ }
# 

Gyrocenter Hamiltonian 

Generating function for gyrocenter transformation 

!  

÷ S 1 =
e
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%

Electromagnetic fluctuation 

!  

" = # $
v0

c
%A1

Gyrophase average 

!  

"
# 

$ " d% # 

!  

÷ "  #" $ "
% Gyrophase-dependent part 

Conservation of 
magnetic moment 

!  

µ 
!  

"  



Poisson Brackets 

Nonvanishing Poisson brackets between gyrocenter coordinates 

!  

X , X { } =
c

eB||
* b " I

where 

!  

B* " # $ A *
!  

X ,U { } =
B*

mB||
*

!  

"  , µ { } =
e

mc

!  

B||
* " b#B*

!  

Z = X ,U , µ ,"  ( )

!  

A * " A 0 +
mc
e

U b



Gyrocenter Motion Equations 

Euler-Lagrange equations 

!  

" I
" Z 

#
$L(Z , ú Z ,t)

$Z 
%

d
dt

$L(Z , ú Z ,t)

$ ú Z 
= 0

!  

dZ 
dt

= Z , H(Z ,t){ }

Potential for electromagnetic fluctuations 

are rewritten as Hamiltonian equations 

Gyrocenter motion equations 
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Gyrokinetic Field Theory 



Variational Principle and Noether’s Theorem 
Action 

Part of Lagrangian associated with             and 

Euler-Lagrange  
equations 

Variational  
principle 

Infinitesimal  
transformations 

Invariance 

Lagrangian with  
no explicit time  
dependence 

Conservation of  G 

Conservation of  
total energy 

!  

" #

!  

ú "  #

!  

" I = 0

!  

t " # t = t +$t, x% " # x % = x% +$x%, &%(x%,t) " # & %( # x %, # t ) =&%(x%,t) +$&%(x%,t)

Variation of action 

!  

" I = 0

!  

dG/dt = 0

!  

" I /" t = 0

Noether’s 
theorem 

Field variables  

!  
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Gyrokinetic Vlasov-Poisson-Ampere System  [Sugama PoP(2000)] 
Lagrangian for Gyrokinetic Vlasov-Poisson-Ampere System 

Initial distribution function 

!  

" I /" # = 0

!  

L = ea d6Z 0 Da(Z 0)"
a

# Fa(Z 0,t0)La Z a(Z 0,t0;t),
ú Z a(Z 0,t0;t),t[ ]

+
1
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2
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/  
0 

!  

Fa(Z 0,t0)

!  

Da(Z 0)

!  

La Z a(Z 0,t0;t),
ú Z a(Z 0,t0;t),t[ ]

Jacobian 

Single-particle Lagrangian 

Governing equations for gyrokinetic Vlasov-Poisson-Ampere system are 

derived from variational principle 

!  

" I = " L dt
t1

t2

# = 0

!  

" #A1 = 0 ( Coulomb gauge ) 



Gyrokinetic Vlasov-Poisson-Ampere Equations 

Gyrokinetic Vlasov Equation : 

Gyrokinetic Poisson’s Equation : 

Gyrokinetic Ampere’s Law : 

Equilibrium current density 

Transverse part of total current density 

!  
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" t
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!  

" I /" # = 0

!  

" I /" A1 = 0

!  

" 2#(x,t) = $4% ea d6Z Da(Z )&
a

' ( X + )  a0(Z ) $ x( ) Fa(Z ,t) + Sa1(Z ,t), Fa(Z ,t){ }[ ]

!  

" 2A1(x,t) = #
4$
c

jT (x,t) # j 0(x,t)[ ]

!  

j 0 = "
c

4#
$ 2A 0

!  

j(x,t) = ea d6Z Da(Z )"
a

# $ X + % a0(Z ) &x( )

' va0(Z ) &
ea

mac
A1(X + % a0(Z ),t)

( 

) 
* 

+ 

,  
- Fa(Z ,t) + va0(Z ) Sa1(Z ,t), Fa(Z ,t){ }

.  

/  
0 

1 

2 
3 

!  

jT (x,t) "
1

4#
$ % $ % d3 & x ' j( & x ,t)

x ( & x 

) 

* 
+ 

,  
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Total current density 



Energy Conservation 

Total Lagrangian  L  does not depend on  t  explicitly. 

Noether’s theorem ensures conservation of energy  EG
tot   of the 

whole system 

!  

EG
tot = d6Z 0"

a

# Da(Z 0)Fa(Z 0,t0)
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Extended gyrokinetic field 

theory for time-dependent 

magnetic confinement fields 

 



Gyrokinetic Vlasov-Poisson-Ampere System for Collisionless Toroidal Plasma 
[Sugama, Watanabe & Nunami, Phys. Plasmas 21, 012515 (2014)] 

 Lagrangian 

Initial distribution function 

! I / ! " = ! I / ! # = 0

L = d6Z0Da(Z0,t0)!
a

" Fa(Z0,t0)La Za(Z0,t0;t), !Za(Z0,t0;t);{ ! ,A0,A1}#$ %&

+
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+
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1
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,
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/
0

Fa(Z0,t0)

!  

Da " Ba||
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* /ma
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Jacobian 

Single-gyrocenter Lagrangian 

Governing equations for gyrokinetic Vlasov-Poisson-Ampere system are derived from  

variational principle ! I = ! L dt
t1

t2

! = 0

!  

"# A1 = "# A 0 = 0

!  
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* " # $ A a

*

Aa
* ! A0 +

mac
ea

Ub

! I / ! K = 0 B0 = I ! ! + ! ! " ! "

( Coulomb gauge ) 

!  

B0 " # $ A 0

Lagrange undetermined multipliers 

!  

(" , #, K )



! L(Z, !Z, t)
! Z

!
d
dt

! L(Z, !Z, t)
! !Z

= 0

dZ
dt

= Z,H(Z,t){ } + Z,X{ } !
e
c

! A *
! t

Gyrocenter motion equations 

dX
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=
1
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e
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dµ
dt
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= ! +
e2
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" µ

! I / ! Z = 0

D(Z,t)F(Z,t) = d6Z0! D(Z0,t0)F(Z0,t0)! 6[Z " Z(Z0,t0;t)]
Gyrocenter distribution  

function at time   t 

!
! t

+
dZ
dt

!
!

! Z

"

#
$

%

&
' F(Z,t) = 0Gyrokinetic Vlasov equation 

! D(Z,t)
! t

+
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! Z
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dZ
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"

#
$

%

&
' = 0Liouville’s theorem 

Euler-Lagrange equations 

D ! B* / m! b"B* / m
Jacobian 

! (X,t) = ! (X + ! ,t)
!

+
e

2mc2
A1(X + ! ,t)

2

!
"

1
2

!S1(X + ! ,t), !! (X + ! ,t){ }
!

Potential for electromagnetic 

fluctuations 



Gyrokinetic Poisson and Ampere Equations 

Gyrokinetic Poisson’s Equation : 

Transverse part of total current density 

! I / ! " = 0

! I / ! A1 = 0 ! 2(A1 +A0) = "
4!
c

( jG)T

jG(x,t) = ea d6Z Da(Z)!
a
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Gyrokinetic current density 

Gyrokinetic Ampere’s Law : 
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Variations with respect to Equilibrium Field Variables 

! I / ! " = 0 (! " # )! =
" I
" #

# !   

!  

! "
1

2#
!$ d%

! I / ! I = 0 ! ! = 0
  

!  

! "
d# d$ g!%%
d#% d$ g%

! I / ! A0 = 0 ! 2(A0 +A1)+ ! " # $
1
c

! ! +
4"
c

( j (gc) + ! " M) = 0

g ! [" ! #(" " $ " #)]%1 = R2q / I
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�� Lowest order equilibrium field equation in gyroradius expansion  
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Conservation of Energy and Toroidal Momentum 
Total Lagrangian  L  does not depend on   t   and  z  explicitly. 
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Effects of Collisions 



!
! t

+
dZ
dt

!
!

! Z

"

#
$

%

&
' F(Z,t) = CgGyrokinetic Boltzmann equation 

Cab
g (Fa, Fb) =Ta

! 1*Cab
p (Ta

*Fa,Tb
*Fb)

Collision operator  Cg  in gyrocenter coodinates is given from collision operator  Cp  

in particle coordinates  using gyrocenter coordinate transform  T  . 

Transform from particle coodinates   z  to  gyrocenter coodinates   Z 

Z =T(z) = z+! z

The particle distribution function  f(z)  is given by pull back   T *   

of  the gyrocenter distribution function  F(Z) .

f (z) = F(Z) = F(T(z)) = (T*F)(z) = F(z+! z)

=
1
n!n=0

"

# ! zi1 ! ! zin

i1! in

# $nF(z)
$zi1! $zin

= F(z)+ ! z%
$F(z)

$z
+

1
2

! z! z :
$2F(z)
$z$z

+!

Collision operator in gyrocenter coordinates 



Jacobian      Dg     for  gyrocenter coordinates  

                     Dp    for   particle coordinates 

DgCab
g (Fa, Fb) =

(! 1)n

n!n=0

"

# $n

$zi1! $zin
i1! in

# %zi1! %zinDpCab
p ( fa, fb)&' ()

&

'
*
*

(

)
+
+

z=Z

= DpCab
p ( fa, fb)+

$
$z

, %zDpCab
p( )+

1
2

$2

$z$z
: %zDpCab

p( )+!
&

'
*

(

)
+

z=Z

Gyrokinetic Boltzmann equation 

Collisional change in gyrocenter density is given 

by integrating  DgCg  in gyrocenter velocity 

coordinates ( U, µ, ξ )

! (DgF)
! t

+
!

! Z
! DgF

dZ
dt

"

#
$

%

&
' = DgCg

dU! dµ! d!! DgCg = "
#

#X
$%C

! C =
(" 1)n

(n+1)!n=0

#

$ %n

%Xi1! %Xin
i1! in

$ d3v& ' x ' xi1 ! ' xinCp(
)

*
+x=X

= d3v& ' xCp(
)

*
+x=X

+!

Here 

gives  classical particle flux due to collisions and finite gyroradius   

! x " #!



Infinitesimal transformations of variables 

Variation of the action integral from the solution of Euler-Lagrange equations 
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Collisional effects on conservation laws 
Suppose that, under the variable transformation,  the action integral is invariant:                  

for an arbitrary spatiotemporal integral domain [t1, t2] x [s1, s2] where [s1, s2] 
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Energy conservation 
Time translational symmetry leads to 
canonical energy conservation law    
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Toroidal angular momentum conservation 
Toroidal symmetry leads to canonical angular momentum conservation law    
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Approximate collision operator which keeps 
conservation laws gyrokinetic collisional velocity-space integrals of energy and

canonical toroidal momentum to take desirable conservative
(or divergence) forms. The approximate collision operator is
written in the gyrocenter coordinates as
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0a by the Lie perturbation expansion method

which is used to deÞne the gyrocenter coordinates with the
well-conserved magnetic moment because it would unneces-
sarily give higher-order accuracy to the coordinate transfor-
mation than the accuracy of the gyrocenter motion equations
themselves shown in Eqs.(28)Ð(31). Instead, we determine
theseO!d2" terms from the conditions that the collisional
change rates of energy and canonical toroidal angular mo-
mentum per unit volume in the gyrocenter space can be
given in the conservative forms as shown below. Thus, the
O!d2" terms are introduced not for accuracy of higher order
in d but for satisfying the conservation property of the colli-
sion operator.
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ries expansion can be treated using the Bessel functions of
the gyroradius normalized by the perpendicular wave-
length.6,8,30 We should also note that the gyrophase average
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is taken so that the gyrokinetic equation with the col-
lision term is solved only for the gyrophase-averaged part of
the gyrocenter distribution function.
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themselves shown in Eqs.(28)Ð(31). Instead, we determine
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change rates of energy and canonical toroidal angular mo-
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Þeld can be of order of the gyroradiusqa. In the WKB (or
ballooning) representation, the above-mentioned inÞnite se-
ries expansion can be treated using the Bessel functions of
the gyroradius normalized by the perpendicular wave-
length.6,8,30 We should also note that the gyrophase average
h& & &i na

is taken so that the gyrokinetic equation with the col-
lision term is solved only for the gyrophase-averaged part of
the gyrocenter distribution function.

For an arbitrary functionA g
a!Za" which is independent

of the gyrophasena, we obtain the following formula:
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(or divergence) forms. The approximate collision operator is
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which is used to deÞne the gyrocenter coordinates with the
well-conserved magnetic moment because it would unneces-
sarily give higher-order accuracy to the coordinate transfor-
mation than the accuracy of the gyrocenter motion equations
themselves shown in Eqs.(28)Ð(31). Instead, we determine
theseO!d2" terms from the conditions that the collisional
change rates of energy and canonical toroidal angular mo-
mentum per unit volume in the gyrocenter space can be
given in the conservative forms as shown below. Thus, the
O!d2" terms are introduced not for accuracy of higher order
in d but for satisfying the conservation property of the colli-
sion operator.

In Eq. (C1), the expansions in!Dx!2"
a ; Dvka; Dl 0a" are

truncated to the Þrst order while the inÞnite series expansion
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ries expansion can be treated using the Bessel functions of
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gyrokinetic collisional velocity-space integrals of energy and
canonical toroidal momentum to take desirable conservative
(or divergence) forms. The approximate collision operator is
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ries expansion can be treated using the Bessel functions of
the gyroradius normalized by the perpendicular wave-
length.6,8,30 We should also note that the gyrophase average
h& & &i na

is taken so that the gyrokinetic equation with the col-
lision term is solved only for the gyrophase-averaged part of
the gyrocenter distribution function.

For an arbitrary functionA g
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The conservative form of the approximate collision operator in the phase space 

! x(2), ! v||, ! µ( ) are chosen such that conservation laws of energy and 
toroidal momentum are kept by the collision term.   
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Gyrokinetic Equation with Collision Term 
(Boltzmann Equation) 
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stationary part  &  fluctuation part 

Boltzmann eq. 

Stationary part of Boltzmann equation 
Local  
Maxwellian 

Drift-kinetic eq. 
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F01Neoclassical transport is derived from  

Gyrokinetic eq. for fluctuation part of distribution function  

Nonadiabatic part 

Anomalous transport is 
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WKB representation of turbulent fluctuations  
Dividing variables into ensemble average and fluctuation parts 

WKB representation 
of fluctuation part 

Wavenumber vector perpendicular to B0 : 

vector potential 

electrostatic potential 

gyrocenter distribution function  

    ensemble-average part    
=  Maxwellian  +  non-Maxwellian  

    fluctuation part    
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Fluctuation part of gyrokinetic equations 

gyrocenter drift velocity 
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turbulent field 
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Ensemble-averaged particle transport equation 
in d = r / L   
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Ensemble-averaged energy transport equation 
Expansion in δ = r / L   

radial heat flux 

energy density 
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Ensemble-averaged momentum transport equation 
Expansion in d = r / L   

radial flux of  
toroidal momentum 

[ momemtum density ] 

neoclassical flux 

turbulent flux 

O(δ 2) momentum transport equation 

O(d3) 

O(δ 3) for up-down symmetric case 
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Summary 

" !  Gyrokinetic theory and simulation are powerful methods  
     to investigate microinstabilities, turbulent transport, and  
     zonal flows in low-collisional magnetized fusion &  
     astrophysical plasmas with accurately including kinetic  
     effects such as Landau damping,  finite gyroradii, and  
     partcle orbits in complex magnetic configurations.  

" !  Gyrokinetic field theory has been developed to describe  
     long-time magnetized plasma behaviors with consistent  
     conservation laws for particles, energy, and momentum  
     including collisional (classical & neoclassical) and  
     turbulent transport processes.  


